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Find the eigenvalues and eigenvectors of the following N x N tridiagonal matrix
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where a, b and ¢ are 3 constants, and ac > 0.



Definition:

* A propre k-edge-coloring of a graph G(V, E) is a mapping f: F — {1,2,3,---,k}
such that f(e) # f(e’) for any pair of edges e,¢’ that have a common end vertex.

** Suppose that f is a propre k-edge-coloring of a graph G(V,E). f is called a
uniform propre k-edge-coloring of G(V,E) if for any 4,5 € {1,2,3,---,k}, ||f~1(7)] —
O <L

Problem:
Prove that if a graph G(V, E) has a propre k-edge-coloring, then G(V, E) has a uniform
propre k-edge-coloring.



Consider the following equation over an one-dimensional (1-D) domain = (0,1):

at(b = _¢3 + ¢+ 62¢1’1‘7 in Qa
¢, =0, atx=0,z=1,

with € > 0 a given constant.
The following semi-implicit, semi-discrete numerical scheme is formulated:

n+l _ n
T = @) e 2, me

gbgH:O, atx =0, =1.

in which ¢* denotes the numerical solution at t*, with t* = kAt, At being the time step size.

Prove the following energy stability for the numerical solution (3)-(4):
E(¢"™) < E(¢™), for any At > 0,

with the energy functional given by
1, 1., €, 5 | N = 2
E(¢) = o Zb - §¢ + 5’%\ dr = 1 I6llL+ — 5 [oll72 + 5 [¢2llz2 -

Hint. Take an L? inner product with (3) by g"*! = (gb"“)s — " — 2t
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1 Problem 1. Discrete Optimal Mass Transportation

Suppose € C R? is a convex planar domain, P = {p1,pa2,--- ,p,} are discrete points on R?, each point
has a Dirac measure { A;0(p — p;)}, such that

Area(2) = Z A;.
i=1

A mapping f : Q — P is called measure preserving, if the area of the pre-image of p; equals to A;,
Area(f~(pi)) = Ai.

The transportation cost of a mapping is given by

B(f) = /Q p— £()[2dp.

Among all the measure preserving mappings, the one which minimizes the transportation cost is called the
optimal mass transportation map.

We want to show that: if f is the optimal mass transportation map, then there exists a convex function
u : 2 = R, such that f is the gradient map of u, f = Vu.

1. Let H = {hy, ha,--- , h,} be weights. The power voronoi diagram induced by (P, H) is a cell decom-

position of R2,
n

R? = w;
i=1
where
Wi ={q € R?| g — pil® + hi < g —pj|> + hyj, V1 < j <n}.
Define a map: ¢ : W; — p;. Show that there is a piecewise linear convex function v : {2 — R, such that
Wi = {q € R* |Vu(q) = pi}.

namely ¢ is the gradient map of w.

2. Suppose there is another cell decomposition

such that
Area(W; N Q) = Area(W; N ),

The map induced by this cell decomposition is ¢ : W; — p;. prove the transportation cost of ¢ is no greater
than that of ¢,

/ lq — ¢(q)Pdg < / la — () Pdg.

Q Q

Namely, the discrete optimal mass transportation map must be induced by a power voronoi diagram.

3. Suppose given any A = {A;, As,---, An}, suchthat A; > O0and ) ;" | A; = Area(f2), we can always

find H, such that the power voronoi diagram induced by H satisfies the condition Area(W;) = A;, then
show that the discrete optimal mass transportation is given by the gradient map of a convex function.



2 Problem 2. Circle Packing

A discrete surface is represented as a simplicial complex, such that each face is a Euclidean triangle, which
is also called a triangle mesh. Suppose M = (V, E, F) is a triangle mesh, where V, E, F' represents the
set of vertices, edges and faces respectively. The Euler number of the mesh is x(M) = |V| + |F| — |E|.
Furthermore, a circle packing defined on the mesh. Each vertex v; is associated with a circle (v;, 7;), two

circles on an edge are tangent to each other.

2
A7
ara
V%

;
%
s
OORPR

0
0

BTS00k

KBRS

s
5

Figure 1: A discrete surface is represented as a triangle mesh.

Suppose v; € V' is an interior vertex on M, [v;,vj,v,] € F is a face on M. 0{ ¥ is the corner angle on
the face [v;, v}, vi] with apex v;. The discrete curvature at v; is defined as

Ki =27 — Z ka

[U’i U5 ,’Uk] er

The the total curvature satisfies the Gauss-Bonnet theorem ) . K; = 27y (M). Let u; = logr;, which is
called the discrete conformal factor. We want to show the mapping from the discrete conformal factor to the

discrete curvature
@ (’U,l,UQ,' o ,Un) — (KlaKQ)' te 7K'n)a

where ) . u; = 0, is deffeomorphic.

1. Derivative Cosine Law

Figure 2: A Euclidean triangle.

Consider one triangle [v;, v, vy], the corner angles are the functions of edge lengths, 6;(l;,;, 1), prove
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where A is the triangle area.

Figure 3: A Euclidean triangle with a circle packing.

2. Circle Packing on one Triangle. Suppose we associate each vertex v; with a circle ¢;(v;, ;) centered at v;
with radius r;. All three circles are tangent to each other, the inner circle has radius r, let u; = log r;, prove
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Prove that the mapping
p: {(ui,uj,uk)|ui +uj; +up = 0} — {(92, 9]7‘9k)|‘9@ + «9]' + 0 = 7T}
is a diffeomorphism.

3. Consider the whole triangle mesh, prove the mapping

()OI(’U,l,/LLQ,"' ,’Ll,n) — (K17K27"' 7KTL>7

where ) . u; = 0, is deffeomorphic.
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